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These lectures are a very brief introduction to low energy supersymmetry 
(SUSY). The approach to the construction of SUSY Lagrangians based on the 
superfield formalism is considered. The minimal supersymmetric standard 
model (MSSM) is specified. The breakdown of gauge symmetry and Higgs 
phenomenology within the simplest SUSY extensions of the standard model 
(SM) are briefly reviewed. The upper bound on the mass of the lightest Higgs 
boson and little hierarchy problem in SUSY models are discussed. 

1 Introduction 

As is well known, the Standard Model (SM) describes perfectly the major 
part of all experimental data measured in earth based experiments. The La- 
grangian of the SM is invariant under Poincare group and SU (3)c x SU (2) jy x 
U(l)y gauge symmetry transformations. The Poincare group is an extension 
of Lorentz group that includes time and space translations 

|^ >^ exp{-iHt}\^ >, |^ >->■ exp{zP • x}|^ >, 

where H is a Hamiltonian and P are momentum operators. 

The transformations of Lorentz group involve rotations about three axes 
and Lorentz boosts along them. Thus there are three generators of Lorentz 
group J a which are associated with the rotations around three different axes 
and there are three other generators K a of this group which correspond to 
the Lorentz boosts along these axes. Then Lorentz transformations of spin 
J particle are given by 

| J >^ exp{i (J a 6 a + K b uj b )}\J >, 

where 9 a are three rotation angles, while u b are parameters which are related 
to the boost velocity v. When w 2 = ^ = the parameter u\ is defined 
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as tanhwi = v. The commutation relations between the generators of the 
Lorentz group can be written as 

[J a, Jb] = i^abcJc , [J a, K b ] = ^ab C K c , [K a , K b ] = -%E abc J c , (1) 

where a,b,c= 1, 2, 3. 

It is convenient to introduce two linear combinations of the generators of 
Lorentz group L a — | (J a + iK a ) and N a = | (J a — iK a ). L a and iV a obey 
two separate SU{2) algebras 

[L a , Lb] = iEabcLc , [N a , N b ] = ie abc N c , [L a , N b ] = . 

As a result the representations of the Lorentz group are classified by two half 
integer numbers (ji, j'2) which are associated with the representations of these 
two SU(2) algebras. The representations correspond to integer spin 

particles with spin 2j. The simplest spinor representations are ipi = (1/2, 0) 
and ipR = (0, 1/2). The states ipL and ipR transform differently under the 
Lorentz transformations. Indeed, in the fundamental representation L a = 
|<7 a and N b = \j' a where a a and o' a are 2x2 Pauli matrices. Then in the 
case of (1/2, 0) representation J a = |<r a and K a = —\o a so that 

*x->exp{i^ a +^w 6 }* L . (2) 

For (0, 1/2) representation we have J a = \a' a1 K a = ^a' a and 



^ R -> exp jz^ a - -ju b j V R . (3) 

Thus from Eqs. ([2]) and ([3]) it follows that ipL and ipR transform differently 
under the Lorentz boosts. 

Two spinor representations (1/2, 0) and (0, 1/2) are called left-handed 
and right-handed Weyl spinors. The direct sum of the two Weyl spinor states 
(1/2, 0) © (0, 1/2) describes massive spin 1/2 (Dirac) state 



X a (x) 



In a Weyl representation ip a {x) and x a { x ) are associated with (1/2, 0) and 
(0, 1/2) spinor representations, i.e. left-handed and right-handed Weyl 
spinors. In the case of massless particle i/j(x) and x(x) have negative and 
positive helicity. Under parity transformations ij)(x) -H- x(x). Charge conju- 
gation results in 
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where (icr 2 xOa = Xa and {~io'2^) a = ■ The states Xa and ip a transform 
under Lorentz transformations as (1/2, 0) and (0, 1/2). In the Weyl repre- 
sentation the Lagrangian that describes free Dirac fermion with mass m can 
be written as 

C D = i (xcr^d^x + - m (^x^ + $xj , 

where <r M = (1,0"*), = (1, — <J % ) and a 1 are Pauli matrices. From now on 
we use abbreviated notations 

x^ = Xa£ a/ V/3 = x p i>p , i>x = $ & £&$x? = i>$? , 

A Majorana spinor is defined as one which is equal to its own charge con- 
jugate, i.e. ^^(x) = (^p a (x), ip a (x)j . In the Weyl representation the La- 
grangian that describes free Majorana fermion with mass m takes the form 



— in ( — — \ 



The six generators of the Lorentz group J a and K a can be presented as 
antisymmetric tensor M pu = —M VjX . The components of M pu are K a = M 0a 
and J a = ^eabcMfc. is called angular momentum tensor. The translation 
operators P p = (H, A, A, P3) and the angular momentum tensor M pv form 
a complete set of generators of the Poincare group which obey algebra 

[M pu , M pa ] = i (g up M^ - g pp M va - g ua M w + g^M vp ) , 

r * 1 / - ~ \ (4) 

0, [M^P x \=i(g vX P lx -g lxX P v ) . 



P P 



The generators T a associated with SU (3)c x SU (2)w x U (l)y gauge sym- 
metry (internal symmetry group) commute with the generators of Poincare 
group. It was established experimentally that SU(2) W x U(1) Y symmetry 
is broken. The corresponding massive W ± and Z bosons were discovered 
more than 30 years ago. Their properties have been studied in great detail 
both theoretically and experimentally. Quarks and gluons that participate 
in the strong interactions are confined inside mesons and baryons and there- 
fore cannot be observed directly. Nevertheless theory of strong interactions 
based on SU(3)c provides a good description for the spectrum of mesons and 
baryons, e + e~ annihilation data, deep inelastic scattering etc. 

Nowadays Higgs boson remains the only missing piece of the SM that has 
not been discovered yet. It plays a key role in the SM and its extensions. 
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Higgs field acquires vacuum expectation value (VEV) breaking electroweak 
(EW) symmetry and generating masses of bosons and fermions. 

Although the SM describes the major part of experimental data with high 
accuracy it does not allow to incorporate consistently gravitational interac- 
tions. Indeed, in order to achieve the unification of gauge interactions with 
gravity we need to combine Poincare and internal symmetries. At the same 
time according to the Coleman-Mandula theorem the most general symme- 
try which quantum field theory can have is a tensor product of the Poincare 
group and an internal group [lj. The Coleman-Mandula theorem can be 
overcome within graded Lie algebras that have the following structure 



B,B 



B, 



B,F 



F,F 



B, 



where B and F are bosonic and fermionic generators. Graded Lie algebras 
that contain the Poincare algebra are called supersymmetries. The simplest 
N = 1 supersymmetry (SUSY) involves a single Weyl spinor operator Q a 
and its complex conjugate Q^ a — Q d . These operators change the spin of the 
state, i.e. 

Q a \fermion >= \boson >, Q^boson >= \fermion > . 
The N = 1 SUSY algebra is Poincare algebra (j3J) plus 

b {Q a ,Q ( s} = {Q & ,Q 6l }=0, 



{Qa,Q*}=2<«P», 



FfJ.1 Qa 



0. 



-i (a 



(5) 



0. 



—i [a 
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where a^ v = \ {a^a v — a u a^), and a^ u = \ (W^a 1 ' — a u a^). The local version 
of SUSY (supergravity) leads to a partial unification of gauge interactions 
with gravity [2]-[l]- 

This course of lectures is a very basic introduction to N — 1 supersym- 
metry. In section 2 chiral and vector superfields are introduced. In section 
3 these superfields are used for the construction of SUSY Lagrangians. The 
minimal supersymmetric standard model (MSSM) is specified in section 4. 
In section 5 the breakdown of gauge symmetry and Higgs phenomenology 
within the simplest SUSY extensions of the SM are considered. 

Nowadays there are many excellent books [5]-[10], introductions [TT]- 
[25] and reviews [26] [29] of supersymmetry available while in this paper 
only a few aspects of SUSY are briefly discussed. Students and early-career 
researchers, who got really interested in supersymmetry, should definitely 
study some of the books, reviews and/or introductions mentioned in the list 
of references of this lecture notes. 
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2 Superspace and superfields 



An elegant formulation of supersymmetry transformations and invariants can 
be achieved in the framework of superspace. Superspace differs from the or- 
dinary Euclidean (Minkowski) space by adding of new fermionic coordinates, 
9 a and 9 a , that change in a certain way under the enlarged group of trans- 
formations. These new coordinates are anticommuting Grassmann variables 
transforming as two-component Weyl spinors: 

{e a ,e p } = o, {e & ,e $ } = o, e 2 a = o, e 2 .=o, 

where a, ft, a, $ — 1,2. Fermionic coordinates arise in a SUSY transforma- 
tion that can be constructed in superspace in the same way as an ordinary 
translation in the usual space 

G(x,e,S) = e i (- x * P * + e Q + W). (6) 

Using the Hausdorff formula 

e A e B =exp{A + B + ^[A,B] + ...) , 

that terminates at the first commutator for the group elements considered 
here, one can combine two SUSY transformations 

G(x», 9, 9)G(a», £, £) = G(x» + a» - i^9 + %9a^ 9 + W + ■ (7) 

This leads to a supertranslation in superspace 

Xf, ->■ x II + a fl + iOa^ - i^crj) , 

9 9 + i, (8) 

9 9 + L 

where £ and £ play a role of Grassmannian transformation parameters. Tak- 
ing these parameters to be local, or space-time dependent, one gets a local 
translations that result in a theory of (super) gravity. 

Whereas an ordinary field is a function of the space-time coordinates x 
only, a superfield S(x, 9, 9) is also a function of anticommuting Grassmann 
variables 9 a and 9 a . The fields of the supermultiplet then arise as the coef- 
ficients in an expansion of S(x, 9, 9) in powers of 9 a and 9a- Assuming that 
a M , £ and £ are infinitesimally small we can Taylor expand S(x' ti , 9', 9') 

S(x* + a»- i^9 + i9a^, # + £,# + £)- S(x>*, 9, 9) + 

i ,, ./i *n dS dS - (."J 
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By comparing the coefficients of the infinitesimal parameters a M , £ and £ one 
can see that the action of the SUSY algebra on superfields 

S(x», 6, 6) -> e l (- aflp » +£Q + £Q)s(x^ 6, 6) (10) 

is generated by 

P, = id„ lQa = — - lo ^d^ l Q a = -- ¥+l 6«o^d,. (11) 

The general superfield S(x IJ ', 6, 6) can be expanded as a power series in 
6 a and 6 a involving not more than two powers of 6 a and 6 a since 6 a and 
6 a are two-component Grassmann variables. Scalar superfield S"(x M , 6, 6) 
is the simplest representation of the Super-Poincare group. However such 
superfield is a reducible representation of SUSY. Irreducible representations 
of the SUSY algebra are obtained by imposing constraints which are covariant 
under the supersymmetry algebra. 

In this context it is convenient to define fermionic derivatives 

D « = -^ + Ka0% , A* = - ■ (12) 

The derivatives D a and D a anticommute with the generators of the SUSY 
algebra, i.e. 

{D a , Qp} = {D a , Q $ } = {D a , Qp} = {D a , Q $ } = 0. (13) 
On the other hand they obey algebra 

{D m D a } = 2z<^ , {D a , Dp} = {D a , D $ } = 0. (14) 

The superspace covariant derivatives D a and D a can be used to impose 
covariant constraints on superfields because they commute with £Q + £Q 
which occurs in SUSY transformations (fTOl) . Indeed, if superfield Q(x^,6,6) 
satisfies the covariant condition 

D & $(af, 6, 6) = , (15) 

then after SUSY transformation the corresponding superfield still satisfies 
constraint (fT5|) . Superfield $(x M ,6!,#) which obey condition (fT5|) is called a 
chiral superfield. 

It is worth to point out that 

D a 6 a = 0, D a y» = 0, (16) 
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where y^ = x^ + iQo^Q. Thus any function of 9 and y^ satisfies the co- 
variant condition (Il5p. Expanding $(?/ M ,#) in powers of the two-component 
Grassmann variable 9 gives 

9) = <f>(y) + V2 9ij(y) + 99F(y) , (17) 

where is a complex scalar field, F is an auxiliary complex scalar field 
and ip is a left-handed Weyl spinor field. The coefficients in expansion ( 117]) 
are called the components of a superfield. The general expansion of chiral 
superfield (jT7|) in component fields around x M is 

$(^, 9, 9) = <j>{x) + V29ip(x) + (99)F(x) + i(9a^9)d^{x) 

-±^99){d^{x)a»9) - - A (99)i00)d,d^(x) . ^ 

The fields 4>(x) and i/j(x) are called superpartners. From expansion (fT7|) it 
follows that chiral superfield has the same number of bosonic and fermionic 
degrees of freedom. The mass dimensions of scalars and spinors in Eq. ( TT7|) 
are [0] = 1, [ip] = 3/2, [F] — 2 and [9] = —1/2 whereas chiral superfield has 
mass dimension 1, i.e. [$] = 1 

One can also construct an antichiral (conjugate) superfield ^(x^, 9, 9) 
that has the component field expansion 

(99)F\x) — i(9a fl 9)d fM (j)\x) 

+ ±={dd)(9o*d$(x)) - \{99){99)d^{x) . (19) 

This superfield obey equation 

D a &{x»,9,9) = 0. (20) 

Since $(x M ,#,#) involves left-handed Weyl spinor ip while $t(o; M , 9, 9) con- 
tains right-handed Weyl spinor x/j, $(x M , 9, 9) and $^(x M , 9, 9) are sometimes 
called left-handed and right-handed chiral superfields. 

The SUSY transformation of chiral superfield ffTUl) induces transforma- 
tions of its components. Under an infinitesimal SUSY transformation the 
left-handed superfield changes as follows 

$ -> $ + <5$ , 

(21) 

5$ = i(£Q + £Q)$ = <ty(ar) + y/2 66^ (x) + {99)5F(x) + ... 
Using the explicit expressions for Q and Q (see Eq. f|TT]) ). we find 

5<P = V2^, 

Sip = iV2a^(f> + V2^F, (22) 
5F = iV2d^a^. 
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As expected the change in the bosonic (fermionic) component of the super- 
field is proportional to the fermionic (bosonic) fields. It is important to 
notice that the change in F component under a SUSY transformation is a 
total derivative. Therefore this component of chiral superfield can be used 
for the construction of SUSY Lagrangians 

For the construction of SUSY Lagrangians it is also necessary to study 
the products of chiral superfields and Because Q a , and covariant 

derivatives D a and are linear differential operators on superspace any 
product of chiral (antichiral) superfields etc is again a chiral 

(antichiral) superfield so that the covariant condition ( I15p is fulfilled. Direct 
calculation gives 



+ (ee)( ( p i (y)F j (y) + i (y)F i (y) - MvWM) > 

$i(v,o)$3(v>o)My>o) = <t>i{y)<t>M<t>k(y) + V2 9(ip i {y) ( f> j (y)(f> k {y)+ 
MvWMMv) + MvWMMv)) + (^){<j> i (y)4> j {y)F k ( y )+ 
<i>i(y) F j(y)My) + F i{y)<Pj{y)(t>k{y) - ^i{y)^j{y)(t>k{y) 



W{$ k ) = W((j) k + V29i/; k + 99F k ) = W(<p k ) + jf k) V29^ 



On the other hand the product of the left-handed and right-handed chiral 
superfields is not a chiral superfield since 



V2(my))Uy) + 2(e^(y))(e^( y )) + F j (y)4(y)W+ 

i?(l/)fc(y)(00) + >/2(00)(fy i (y))F j {y)+ 
V2(99)(Wi(y))FRy) + {mmF}{y)F j {y) 



V can not be reduced to the form (1171) . At the same time the superfield 



-i>i(y)i>k(y)<t>j(y) - ^j(y)^k(y)4>i(y)) > 

For any arbitrary function of chiral superfields one gets 



+ 




(25) 



V(x^, 9, 9) satisfies the constraint 



V(x^,9,9) = V j {x fl ,9,9) , 



(27) 
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which is preserved under SUSY transformations. The superfields that obey 
condition (1271) are called vector superfields. Note that (66) (66) component of 
V(x' 1 , 6, 6) is proportional to F^Fj. This is an indication that the coefficient 
of the (66) (66) term is a new auxiliary field. This auxiliary field is called 
D. One can anticipate that the new auxiliary field can be also useful in 
constructing SUSY Lagrangians. After substituting for y we find that 



<T>t(f) . 



i - i - ( 2 * 



Another example of vector superfield that can be constructed using left- 
handed and right-handed chiral superfields is 

V'(x,9,6) = i($-$t) =i((f)(x)-^(x))+iV2(6ilj(x)-6ilj(x)) 
+i(66F(x) - 66F\x)) - (da^d^x) + ^(x)) 

-±=(ee)(da»d^(x)) + l=(66)(6a^(x)) (29) 



~ t -(6d)(dd)d^( ( p(x) ~ ^(x)) . 

We will use the explicit expression for vector superfield V'(x,6,6) when we 
consider (super) gauge transformations. 

Without loss of generality any Lorentz invariant superfield may be written 
in the form 

+666\(x) + 666\'(x) + 6666d(x) , 

where f(x), m(x), m(x), d(x) are scalar fields, V^(x) is a vector field, and 
x'( x ), x( x )j ^( x )i X( x ) are Weyl spinor fields. Because all these fields can be 
complex the superfield F(x, 6, 6) involves eight complex bosonic and fermionic 
degrees of freedom. If we require that F(x, 6, 6) is real, i.e. it satisfies condi- 
tion (F27D, then 



f( x ) = P( x ) > m ( x ) = rh\x) , d(x) = d^(x) , V M (x) = V^(x) , 

V ) 

x( x ) = xO) , K x ) = M^) ■ 

Thus, through the constraint (1271) the eight complex bosonic and fermionic 
degrees of freedom in Eq. (I30p are reduced to eight real bosonic and fermionic 
degrees of freedom. From Eqs. (I30]) - (I3T|) it becomes clear that vector super- 
field contains a real vector field which can play a role of gauge vector boson. 
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Therefore this superfield has to be used to formulate a supersymmetric ver- 
sion of quantum electrodynamics (QED), for example, which involves photon. 

It is convenient to rewrite vector superfield using special field combina- 
tions for the coefficients of the 666, 666 and 6666 components, i.e. 



where C(x), M(x), N(x), D(x) are real scalar fields. As before, x an d A are 
Weyl spinor fields and is a real vector field. The dimensions of all these 
fields are fixed by requiring that the vector field has its canonical mass 
dimension [V] = 1. Then 



[C] = 0, |xl = i [M] = [N] = 1, [A] = 2 [D]=2, (33) 



while the vector superfield is dimensionless. 

In the QED Lagrangian does not change when — > — d^u. In SUSY 
QED Vfj, and u have to be the appropriate components of SUSY multiplets. 
Therefore gauge transformation should be defined in terms of superfields. 
One can expect that u might appear as a component of the linear superpo- 
sition of the left-handed and right-handed chiral superfields that transform 
as a vector superfield with respect to SUSY transformations. One combina- 
tion of 6, 6) and &(x, 6, 6) that satisfies this requirement was mentioned 
before (see Eq. fl29l) ). Indeed, if under U(l) gauge transformation V(x, 6, 6) 
transforms as 




(32) 



+i6dd \{x) + y^xix) -me X(x) + ^d„x(x) 

+Ud66 D(x) - \d^C{x) , 



V(x, 6, 6) -> V(x, 6,6) + % $(x, 6, 6) - &(x, 6, 6) , 



(34) 



then the components of vector superfield changes as follows 



C(x 



-> C(x) +i((fr(x) - 4> ] {x)) , 



M(x) + iN(x 



-> M(x) + iN(x) + 2F(x) , 
-> V,{x) - d^ix) + ^{x)) 
X(x), D(x)^D(x). 



V,(x 
X(x 



(35) 
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From Eq. (j3"5|) it is easy to see that local U(l) gauge field transforms as in the 
QED. Thus Eq. ( j34|) can be considered as a supersymmetric generalization 
of gauge transformation in SUSY QED. One can also see that C(x), M(x), 
N(x) and x( x ) are n °t physical degrees of freedom, since they can be gauged 
away by a suitable choice of (<j>(x) — (jy{x)), ip(x) and F(x) while still leaving 
u)(x) = (<t>(x) + <ft(x)) arbitrary. In this Wess-Zumino gauge [30] vector 
superfield takes the form 

V(x, 9, 9) = -9a^9V^x) + i999X(x) - i999X{x) + l -9999D{x) . (36) 

From ( 135)) it becomes clear that the fields X(x) and D(x) are gauge invariant 
whereas V^(x) transforms as in the usual QED. So V^(x) should be associated 
with the gauge field (photon) while X(x) is called gaugino (photino in SUSY 
QED). All powers V n (x, 9,9) with n > 2 vanish in the Wess-Zumino gauge, 
since they will involve at least 9 3 . The only non-zero power is 

v 2 (x,e,e) = -eeeev^vix) . 

As we have done for the chiral superfield we can now determine the trans- 
formation properties of the component fields of V(x, 9, 9). Under an infinites- 
imal SUSY transformation the vector superfield changes as follows 

V^V + 5V, 5V = i(£Q + £Q)V. (37) 

With Q and Q given by Eq. f TTTj) we find 

5V" = i(^X-Xa"0-d^x + m, (38) 
5D = a M (-^A + A^O, 

where V^ = d^V u — dvV^. Eqs. (j3*8l lead to the following transformation 
property of the £7(1) field strength V^ u 

8V" V = id"{ia v X - Xa v £) - id v {&»X - Xa^), (39) 

that does not depend on the Wei spinor x- Eqs. ( 138]) - ( 139]) imply that fields 
V^ u , X and D form an irreducible representation of the SUSY algebra by 
themselves. Note that the variation of the .D-field is a total divergence as in 
the case of F-field. Since total divergences vanish when integrated over the 
space time the F-components of chiral superfields and the D-components of 
vector superfields can be used to construct SUSY Lagrangians. 
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3 SUSY Lagrangians 



The discussion at the end of the previous section suggests an immediate way 
to construct Lagrangians which are invariant under SUSY transformations. 
In the superfield notation SUSY invariant Lagrangians are the polynomials of 
superfields. Then the key observation for the construction of SUSY theories is 
that the F-term of a chiral superfield (i.e. the 99 component of a left-handed 
chiral superfield and the 99 component of a right-handed chiral superfield) 
and the D— term of a vector superfield (i.e. the 9999 component) transform 
into themselves plus a total derivative under SUSY transformations. Since 
the action does not change when Lagrangian C changes by a total derivative, 
the SUSY invariant Lagrangian can be written as 

£ = C D + C F , (40) 

where Cp is made up of F-terms and Cp> is made up of F-terms. 



3.1 Lagrangians for chiral superfields 

Let us start with the Lagrangian which contains only a set of chiral superfields 
and has no vector supermultiplets (Wess-Zumino model). Then the most 
general renormalizable SUSY invariant Lagrangian has the form 

£-wz — £>d + £*f = 

where W(&k), which is referred to as the superpotential, must involve only 
up to the third power of the superfields to obtain a renormalizable La- 
grangian, i.e. 

W{§ k ) = a^i + -HijQ&j + -yijk$i&jQk ■ ( 42 ) 

In Eq. ([4"2]) the sum over all possible combinations of chiral superfields is 
understood while <Zj, ^ and are constants. One might think that we 
could add more terms with products of more than three chiral superfields in 
the superpotential. In this context it is worth to note that [^^If and 

[<&i<&j<&k]F have mass dimensions 2, 3 and 4 respectively. As a consequence 
the mass dimensions of various couplings in Eq. (1421) are [aj] = 2, [p,^] = 1 
and [yijk] = to ensure [Cp] = 4. It is obvious that F-terms involving more 
factors of $j will have mass dimension greater than four resulting in couplings 
with negative mass dimension. The presence of such couplings makes SUSY 
theory non-renormalizable. 



n 



+ [W($ k ))p + h.c. 



(41) 
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The superpotential W(&k) must contain the products of chiral superfields 
only. In other words W(&k) has to be a holomorphic (analytic) function of 
The presence of terms like $i$j$ k etc in the superpotential give 

rise to extra components of superfields that do not appear in the expansion 
of chiral superfield. Thus 99 component of the superpotential would not 
transform into itself plus a total derivative and thereby would break SUSY. 

As follows from Eq. (j28p the first term in Eq. (141 j) leads to the usual 
kinetic terms for the components of chiral superfields and F^F{. The term 
[$J$i],D has mass dimension 4. Thereby high products of left-handed and 
right-handed chiral superfields such as etc would result 

in couplings with negative mass dimension, i.e. non-renormalizable interac- 
tions. Superpotential in Eq. (jl"T|) gives rise to mass terms, Yukawa couplings 
and scalar potential. Combining Eqs. (|28p and (|25|) one obtains an explicit 
expression for the most general renormalizable SUSY invariant Lagrangian 
in the Wess-Zumino model 

Cwz = d^ld^i + i^d^i + F-Fi 

+ {-^- F ^2^M-^ + h - c j- (43) 



Note that in the Lagrangian (143]) there is no any kinetic terms for the fields 
Fi. This means that the equations of motion for Fi and F} reduce to algebraic 
equations, i.e. 

t _mv M 

Last equation shows that the fields F^ are auxiliary fields which may be 
eliminated. Using ( |44p the Lagrangian becomes 



Cwz = dpfidUfa + i^d^i - V{(j> k ) - - ^ p^ i^j + h-c. ) , (45) 



dW{(f> k 



d<pi 



(46) 



One can see that the tree-level scalar potential (14"6"|) is positive definite. More- 
over the couplings that determine the interactions of scalar fields in the po- 
tential ( l4"6"j) are related to the Yukawa couplings.. 

The Lagrangian ()4ip can be written in a much more elegant way as an 
integral over the Grassmann variables 9 and 9 (over superspace). The inte- 
gration over Grassmann variables is defined such that 



d9 a = d9 a = 0, / d9?9 a = / d9?9 a = 5 a(3 . (47) 
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This allows an arbitrary function of 9 and 9 to be integrated , because for 
Grassmann variables we need never consider powers higher than the first 
power of any component of 9 or 9. Volume elements in superspace are defined 
by 

d 2 9 = -~d9 a d9 a , d 2 9 = -^d9 6c d9" , d 4 9 = d 2 9d 2 9 (48) 
It then follows from Eq. (|47|) that the non-zero integrals over superspace are 

d 2 99 2 = [ d 2 9 9 2 = 1. (49) 



The Lagrangian (14T|) may now be written as 

C = J d 4 9^2®l®i+ yj d 2 9W($ k )+h.c. 



(50) 



because the superspace integrations project out D- and F-terms. 

Using the supergraph techniques which are based on superspace integra- 
tions the non— renormalization theorem was proven. This theorem may 
be stated as follows. 

The superpotential (for N = 1 SUSY theory) is not renormalized, except 
by finite amounts, in any order of perturbation theory, other than by wave 
function renormalizations. 

The non-renormalization theorem derives from the observation that in 
supergraph perturbation theory any radiative correction to the effective ac- 
tion can be written as a single superspace integration J d 4 9 over a product of 
quantities that are local in 9 and 9 with no factors of superspace (^-functions. 
The superpotential term in fl50|) is not of this form because it involves only 
J d 2 9. At the same time the terms in the Lagrangian f loT?]) are renormal- 
ized resulting in wave function renormalizations. Thus, any renormalization 
of masses and coupling constants in SUSY models is due to wave function 
renormalization. 



3.2 SUSY QED 

Our next step is to construct gauge invariant SUSY Lagrangians. It seems to 
be reasonable to start from the SUSY generalization of the QED. In order to 
construct supersymmetric gauge field theory we need to construct the field 
strength superfield and to couple the vector superfield to the charged matter 
supermultiplets in a gauge-invariant way. In the QED we apply partial 
derivatives to vector field to get field strength tensor, i.e. V^ u = dpV v — 
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dyV^. In SUSY QED one should use covariant derivatives for this purpose. 
In the previous section we observed that the fields A, A, and D form an 
irreducible representation of the SUSY algebra. Also all of these fields are 
gauge invariant. This suggests that A, V^„ and D may form components of 
the field strength superfield. Then X a is the lowest-dimension component 
of such superfield since [X a ] = 3/2 while [V^„] = [D] = 2. Since the mass 
dimensions of vector superfield and covariant derivatives D a and D a are 
[V] = 0, [D a ] = [Da] = 1/2 the required superfield can be obtained if we 
apply three covariant derivatives to vector superfield, i.e. 

W a = D 2 D a V, (51) 

where D 2 = D a D h . From Eq. flEE]) it follows that W a is a spinor chiral 
superfield because 

DpW a = 0. (52) 
Indeed, D^D^D^ always give zero. Direct calculation gives 



W a (y,0)=U\ a (y)-0 f > 



^ a D(y)+2i(a^fMy) 



+M 2 a a : a d,\ a (y) . (53) 



As before the spinor chiral superfield W a is a function of y and 9 only. W a W a 
is a chiral scalar superfield whose lowest component is a scalar. To construct 
the Lagrangian of SUSY QED we need to include F-component of W a W a 
since it is invariant under Lorentz transformations, contains kinetic term for 
the U(l) gauge field U M and transforms as a total divergence under SUSY 
transformations. A simple calculation yields 

hw a W a ] F = - + iXa^X - ^T^Vp, + \d 2 . (54) 

62 4 o 2 

Eq. f )54p should be considered as the supersymmetric generalization of the 
familiar kinetic term —^V^V^ of the U(l) gauge field. The third term in 
Eq. (}54"]) is a total divergence and does not affect the equations of motion. 
The .D-field is an auxiliary field which can be eliminated using the equations 
of motion. 

To go beyond a pure gauge theory we also need a SUSY version of the 
interaction of the gauge field with charged matter. As in the usual QED 
we start from the kinetic terms of charged matter which are contained in 
One can expect that chiral superfields transform under the U(l) 
gauge transformations like in the usual QED, i.e. 
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where A is the scalar chiral superfield associated with the U(l) gauge trans- 
formation and qi are charges of matter superfields $j. Then gauge transfor- 
mation of vector superfield indicates that the combination of superfields 
$\e 2qiV $i is U{1) gauge invariant. Indeed 

&.e 2qiV §i — > $t e 2igiAt e 2<3iV+2i 9i (A-At) e -2i gi A < | ) . = ^^QiV Q . _ ^g-j 

The combination of superfields (1561) is a real superfield, since V is real. There- 
fore the D-term of superfield (15T)j) yields a SUSY-invariant action. 
In the Wess-Zumino gauge the exponential 

e 2q t V = x + 2q ,y + 2q 2y2 ^ 

since V n = if n > 2. The leading term of the exponential gives 
The appearance of interaction terms proportional to q and q 2 is also to be 
expected since in a SUSY theory there must also appear interactions of the 
gauge field with the charged scalar particles. The combination of superfields 
([Sn]) can be expressed in terms of the component fields of the superfields $j 
and V, i.e. 

Qje 2 ^^ = (D^iYiD^i) + i^D^i + F-Fi+ 

Id _ _ \.°°) 

iV2qi(<p]i/)i\ - faipiX) + qi4>\<piD , 

where _D M = <9 M + iq^V^ . From Eq. f l5"8j) one can see that partial derivatives 
<9 M in the expression for got replaced by _D M providing an adequate 

description of fermionic and bosonic fields in the external field V^. 

Putting Eqs. and (|58|) together yields the Lagrangian for the super- 
symmetric £7(1) gauge-invariant theory 

Uei = ^ / d 2 9 W a W a + J d 2 6d 2 6 ^e 2 ^^ 

d 2 6 W abe i(®k) + h.c) , (59) 



where W{<&k) is a superpotential 

w M {* k ) = \ mil w i + \y m *^, (60) 

which is invariant under the Abelian U(l) gauge group transformations. In 
other words the total charge of each term in Eq. f l60|) has to vanish to pre- 
serve gauge invariance. Here we assume that all chiral superfields <3>j carry 
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non-zero U(l) charges g^. As a consequence all linear terms in the super- 
potential f lBUj) are forbidden by the U(l) gauge symmetry. The first term in 
the Lagrangian (|59|) contains kinetic terms of the U(l) gauge field and its 
superpartner (gaugino). The second term in (1591) includes all kinetic terms 
of bosonic and fermionic components of chiral superfields as well as the 
interactions of charged fermions (bosons) with the U(l) gauge boson (and 
gaugino). The last term in ( 15 9 p gives rise to the Yukawa interactions of 
bosonic and fermionic components of chiral superfields $j. 

The simplest version of SUSY QED should contain at least one charged 
massive fermion, such as an electron. To describe this massive field we need 
to include both its left and right chiral components. Thus we have to employ 
two left-handed chiral superfields. One of them, S, contains left-handed 
electron (as ips) an d its superpartner, the left-handed selectron (as (j>s)- 
Another chiral superfield, T\ involves the right-handed electron (as ^t) and 
its SUSY partner the right-handed selectron (as <p T ). The Lagrangian of the 
corresponding SUSY generalization of QED looks as follows: 

Csusyqed = ^/ d 2 6W a W a + j d 4 e(tfe 2 « v S + T+e- 2 « v T) 

+ J d 2 9 m ST+ J d 2 9 m S* T* . (61) 

Using the earlier results (jMJ), (EHJ) one can write the Lagrangian of SUSY 
QED in terms of the components of superfields S, T and V 

Csusyqed = (D^ s )l(D^ s ) + {D^ T ){D^ +i^D^ s 

+ ii) T o»D\i) T + F\F S + F ] T F T + i\/2g(4^s - 4V>t)A 

- iV2q((f) S 4>s - t ^t)A + q(<fri<f)s - 4>T<h) D ( 62 ) 
+ m{<p s F T + <j) T F s + cj)\F ] T + - *Ps^t ~ *Ps^t) 



The F-components of superfields S and T (F$ and Ft) and D-component of 
vector superfield V are auxiliary fields since Lagrangian fl62l) does not contain 
their derivatives. Using field equations 

F s + m(f) T = F T + m(f)l = 

D + q(4(f>s - 40t) = (63) 

Fs, Ft and D can be eliminated. The resulting Lagrangian can be presented 
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in the following form: 

CsUSYQED = P M 05)l(^05)-mV t 505 + (^4)(^4) t -W 2 40T 

+ iV2q((/)y s - 4^t) - iV2q((j) S ^s - </>t^t)A (64) 

- V QED {^(j> T )--^V liU + i\^d lx \, 
where Vqed{<Ps, 4>t) is a quartic part of the scalar potential 

VqedMs, 4>t) = \d 2 = j(4<Ps ~ <PUtY • (65) 

The first two lines in Eq. fl65l) represent the Lagrangian of the QED model 
that contains massive electron and two massive scalar fields with the same 
electric charge. Supersymmetry forces these fields to have the same mass. 
SUSY also results in the presence of massless Majorana fermion (gaug- 
ino/photino) in the particle spectrum. This fermion interacts with the elec- 
tron and scalar fields. Supersymmetry ensures that the corresponding Yukawa 
couplings are proportional to the electric charge that electron and scalar fields 
have. SUSY also determines the form of the quartic interactions in the scalar 
potential (IB^j) . The corresponding self-couplings of the scalars are set by the 
£7(1) electric charge as well. 



3.3 Supersymmetric non— abelian gauge theories 

If SUSY is realized in Nature, it is certainly at an energy scale that is higher 
than that of the EW scale. It is therefore essential to have a supersymmetric 
extension not only of the U(l) abelian gauge invariance but also of the non- 
abelian gauge invariance that occurs in the SM and Grand Unified Theories 
(GUTs). In the non-abelian theories there is a set of gauge fields that form 
a representation of a non-abelian group G. Therefore we need to introduce 
a set of vector superfields that transform under the non-abelian gauge group 
transformations. Thus we replace vector superfield V by V a T a where 



V a {x,6,6) = C a {x) +i6 X a {x) -i9x a (x) + -00[M a {x) +iN a (x)} 

- % -ee\M a (x) -iN a {x)} 



ea^ev^x) 



(66) 



+i666 



A«( x ) + -^d, X a (x) 



-i960 



A«( x ) + -^d,x a (x) 



+-9999 
2 



D a (x) 



-d^C a (x) 
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In SUSY QCD V*(x) and X a (x) should be associated with the gluons and 
their superpartners (gluinos) that form adjoint representation of SU(3). Ma- 
trices T a represent the generators of non-abelian group G that obey algebra 



if 



abcrpc 



(67) 



where f abc are the totally antisymmetric structure constants of G. 

One can expect that the multiplets of chiral superfields transform 
under the non-abelian gauge group transformations as follows 



(6c 



where A a are chiral superfields associated with the non-abelian gauge trans- 
formations and g is the corresponding gauge coupling. As in the abelian case 
the kinetic terms of bosonic and fermionic components of chiral superfields 
$i can originate from 



(69) 



J D 



The combination of superfields (169]) yields interaction of gauge and matter 
fields which is gauge invariant. The gauge invariance of the above combi- 
nation follows provided that the gauge-transformed vector superfields V' a 
satisfy 

(70) 



e~ 2iAf e 2V e 2iA 



where V = gV a T a and A = gA a T a . 

Eq. (1701) can be considered as the non-abelian generalization of Eq. 
At the same time Eq. (J70|) does not get reduced to Eq. (1M|) because the 
generators of non-abelian group do not commute. Under an infinitesimal 
gauge transformation 



V 

sv 



V + 5V, 
i(A- A j )+i 



V. 



ka-a 1 



+ 



(71) 



The right hand side of Eq. ( 17T|) contains infinite tower of higher commutators. 
It is easy to see that the first two terms in Eq. (ITT]) generate the familiar gauge 
transformation of the non-abelian vector potential 



yta 



V a + d IM (u a + w at ) + gf abc {u b + u bt )V. 



abc I 



TC 



(72) 



where u a is the scalar component of A a . Eq. f|71j) indicates that in the non- 
abelian case it is still possible to arrange A and A* such that C a , x a , M a and 
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N a components of vector superfield V a vanish giving Wess-Zumino gauge. 
In this gauge 

V a (x, 9, 6) = 9a^9V^{x) + i999\ a (x) - i999\ a (x) + -9999D a (x) . (73) 

Now we have to construct the non-abelian strength superfield, analogous 
to (15~TI) . The W a defined by Eq. (|5T|) is not gauge invariant in the non-abelian 
case. The non-abelian gauge transformation (T70|) suggests that we need to 
use e 2V instead of V. If we define 

W a = j-D 2 e- 2V D a e 2V , W\ = -±D 2 e 2V D & e~ 2V , (74) 

then W a and W\ transform under the non-abelian transformations in the 
following way: 

W a -> e~ 2iA W a e 21 A , e~ 2i At W\e 2t At , (75) 

where W a = W*T a and W\ = W^T a . Eqs. (JZHD suggest that 

TiW a W a = h/V aa W* , TrW]W dt = -W^W** 

are gauge invariant. This is completely analogous to the non-supersymmetric 
case where the field strength tensor F^ u itself is invariant in the abelian case 
but in the non-abelian case only the trace TrF^F^ is gauge invariant with 
F^y = F^ u T a . Expanding in powers of V gives 

W a = -D 2 {D a V + [D a V, V] + ...) . (76) 

In the Wess-Zumino gauge only the first two terms survive. Thus we have 

W a a = D 2 D a V a + igf abc D 2 (D a V h )V c . (77) 

From Eq. (1771) one can see that W£ reduces to Eq. (J5TJ) when f abc ->• that 
corresponds to the abelian limit. 

In terms of the component fields of the superfields V a we get 



WS(y,9) = 4i\ a a (y) + 9p 



^ a D a (y) + 2i(a^fMy) 



+ A9 2 a^D,X aa (y), (7S 
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where 



V% = W - d u V; - gf ab XK c , DJT = d,X aA - gf abc Vft c " ■ (79) 

From the definition of the non-abelian strength superfield (1741) and Eqs. (176"]) - 
(J75]) it follows that as before W^y, 0) is a set of spinor chiral superfields. 
Then W aa W£ and W^W a ^ are scalar chiral superfields which are invariant 
under non-abelian gauge transformation. Therefore the F-components of 
these chiral superfields can be used for the construction of the Lagrangians 
of SUSY QCD and other supersymmetric non-abelian gauge theories. In the 
Wess-Zumino gauge direct calculation gives 



1 

64 



(W aa W*) + (w£w°*t) 



--V^V a ^ v + iXWDpX* + ^D a D a . (80) 



Eq. (IHUl) is the SUSY generalization of the term —^F^ u F a ^ u in the non- 
abelian gauge theories. 

Now we can specify the full Lagrangian of SUSY model based on the 
non-abelian gauge group G. It can be presented in the following form 

+ J d 2 9d 2 9 $+e 2V $; + (y ' d 2 9 W G ($ k ) + h.c}j , (81) 

where Wc{^k) is a superpotential which is required to be invariant under the 
action of non-abelian group G (as well as no more than cubic in the chiral 
superfields $&). The first two terms in Eq. (IHTl) contain the kinetic terms 
of the non-abelian gauge fields (gluons) and their superpartners (gauginos) 
as well as their self interactions due to the non-abelian nature of the gauge 
group G. Thus in contrast with SUSY QED the first two terms in Eq. (1HT]) 
leads to a non-abelian gaugino-gaugino-gauge boson interaction through the 
term X a a fl D fl X a . The third term in Eq. (1HTT) provides the kinetic terms for the 
bosonic and fermionic components of chiral superfields (squarks and quarks) 
as well as the gauge interactions of these states with the non-abelian gauge 
fields and gauginos. Finally, last terms in Eq. (IHTj) result in the Yukawa in- 
teractions of the bosonic and fermionic components of In general there 
might be several chiral supermultiplets which form different represen- 
tations of the non-abelian group G. Then for each $j one has to use for 
V = gV a T a the matrix constructed with the representation T? appropriate 
to 
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In terms of the component fields of superfields the Lagrangian (jgTl) takes 
the form 



C 



G 



--V^V a ^ + i\ a <j fM D fJi X a + -D a D a + (D „0{D>"4 
+ i^D^i + F?Fi + iV2g (4T a X a ^ t - <P^T a \ a ) 



r\rpa n a 



(82) 



+ g<P\T a D a <p i + 



where 



D 



d li </> i + igT a V? 



2 dcpidcpj 



D l ^ i = d l ^ i + igT a V^ i . 



Again, the Lagrangian (1821) does not have any kinetic terms for the auxiliary 
fields Fi and D a . Thereby these fields can be eliminated using their equations 
of motion, i.e. 



F 



d<pi 



(83) 



Substituting F\ and D a back into Eq. (182]) we obtain the resulting Lagrangian 

I. 



J4) 



1 d 2 W{(p k 



-ipiipj + h.c. - V(<f) k ) 



where the full scalar potential is the sum of two contributions from the F- 
terms and D-terms 



dW{(f> h 



2 



e(e^) 2 - (85) 

n \ n * 



From Eq. (1851) it becomes obvious that the scalar potential in SUSY models 
is positive definite. It is completely defined by the superpotential and gauge 
interactions. 

Thus the form of the SUSY Lagrangian is practically fixed by symmetry 
requirements. The only freedom is the field content, the values of the gauge 
and Yukawa couplings and the mass parameters in the superpotential. 
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4 The minimal SUSY model 



SUSY algebra implies that each SUSY multiplet must have equal number 
of bosonic and fermionic degrees of freedom. As a result the simplest su- 
persymmetric extensions of the SM should contain scalar degrees of freedom 
associated with the left-handed and right-handed SM fermions, i.e. left- 
handed and right-handed squarks and sleptons. These models must also 
include the fermionic partners of the SM gauge bosons (gauginos) and Higgs 
bosons (Higgsinos). 

In the SM one Higgs doublet H is used to generate masses for up- and 
down-type quarks and charged leptons. These masses are induced by means 
of the Yukawa interactions of quarks and leptons with the Higgs fields. More 
precisely the masses of the down-type quarks and charged leptons are gener- 
ated by the Higgs doublet itself whereas the conjugated Higgs doublet ia 2 H^ 
gives rise to the masses of up-type quarks. The results of the previous sec- 
tion indicate that in SUSY models the Higgs-fermion Yukawa interactions 
can orginate from the superpotential only. Since W($>k) is an analytic func- 
tion of the chiral superfields it can not involve any conjugate superfield. Thus 
we have no other choice than to introduce a second Higgs doublet H 2 with 
the opposite hypercharge which gives masses to the up-type quarks. The 
presence of the second Higgs doublet also ensures the cancellation of anoma- 
lies. 

Thus the minimal supersymmetric standard model (MSSM) includes the 
following set of chiral superfields 

Qa = K, d a ) ~ (3, 2, |) , U%~ (3, 1, -§) , 

L a = K, e a ) ~ (1, 2, -|) , d c a ~ (3, 1, §) , 

H x = {Hi Hu) ~ (1, 2, -i) , e a ~ (1, 1, 1) , 

H 2 = (H+, HI) ~ (1, 2, i) , 

where the first and second quantities in the brackets are the SU(3)c and 
SU(2)w representations, the third quantity in the brackets is the U(l)y 
hypercharge, while a is a family index that runs from 1 to 3. Here Q a and L a 
contain the doublets of left-handed quark and lepton superfields, e a , u c a and 
d c a are associated with the right-handed lepton, up- and down-type quark 
superfields respectively whereas H\ and H 2 involve the doublets of Higgs 
superfields. In Eq. fl86|) and further we omit all isospin and colour indexes 
related to SU(2)w and SU(2>)c gauge interactions. 

In addition to Higgs, quark and lepton chiral superfields the MSSM in- 
cludes three vector supermultiplets 

K~ (1,1,0), U 2 ~ (1,3,0), U 3 ~(8, 1, 0), (87) 
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which are associated with U(1)y, SU(3)c and SU{2) W interactions. V\ is an 
abelian vector superfield that contains U(l)y gauge field and its superpartner 
which is called bino. V 2 involves a triplet of SU(2)w gauge bosons and 
their superpartners (winos). V3 includes octet of gluons and octet of their 
superpartners (gluinos) . 

In order to reproduce the Higgs-fermion Yukawa interactions that induce 
the masses of all quarks and charged leptons in the SM we need to include in 
the MSSM Lagrangian the following sum of the products of chiral superfields 
mentioned above 

W M ssm = y U ab QaU c b H 2 + y^QadtH, + y L ah L a e c h E x + fiH.H, , (88) 

where a and b are family indices. In Eq. f l8"B"j) the Yukawa couplings y^ b , y® b 
and i/a b are dimensionless 3x3 matrices in family space that determine the 
masses of quarks and charged leptons as well as the phase of the CKM matrix. 
Here we also iclude a term fiHiH 2 which is not present in the Lagrangian 
of the SM. It gives rise to the masses of the superpartners of Higgs bosons 
(Higgsinos). The /x term, as it is traditionally called, can be written as 
fi(Hi) a (H 2 )i3e al3 , where e a/B is used to tie together SU{2) W weak isospin 
indices a, (3 — 1, 2 in a gauge invariant way. 

Eq. flHHl) defines the simplest superpotential that the minimal SUSY model 
can have. However there are extra terms that one can write which are gauge 
invariant and analytic in the chiral superfields. These additional terms are 
given by 

W NR = X abd L a L b e d + \a bd L a Q b d d + [i a L a H 2 + X^ bd u c a d c b d d , (89) 

The terms in Wnr violate either lepton or baryon number resulting in rapid 
proton decay. The most general renormalizable gauge invariant superpoten- 
tial of the simplest SUSY extension of the SM is a sum of Eqs. (I8"8"|) and 
fl89|) . i.e. W = Wmssm + W NR . The terms given by Eq. flBHJ) are absent 
in the SM. The inclusion of such terms in the Lagrangian of the SM would 
violate Lorentz invariance. Since B- and L-violating processes have not been 
observed in Nature, the terms in Wnr must be very suppressed. 

The baryon and lepton number violating processes in the MSSM can be 
suppressed by postulating the invariance of the Lagrangian under i?-parity 
transformations (Pr) or equivalently matter parity transformations {Pm) 

Pr = (-l) 3 ^) +2s , P M = (-!)»<*-*) , (90) 

where s is the spin of the particle. It is easy to check that the quark and 
lepton super mult iplets have Pm = — 1, while the Higgs and vector super- 
multiplets have Pm = +1. Matter parity forbids all terms in Wnr- This 
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symmetry commutes with SUSY, as all component fields of a given super- 
multiplet have the same matter parity. The advantage of matter parity is that 
it can in principle be an exact and fundamental symmetry whereas B and L 
themselves cannot, since they are known to be violated by non-perturbative 
electroweak effects. Indeed, matter parity can originate from the continuous 
U(1)b-l gauge symmetry that satisfies anomaly cancellation conditions. Pm 
can survive as an exactly conserved discrete remnant subgroup of U(1)b-l- 
Although matter parity forbids all renormalizable interactions which violate 
B and L in the MSSM one may expect that baryon and/or lepton number 
violation can occur in tiny amounts due to the non-renormalizable terms in 
the Lagrangian. 

Matter parity conservation and .R-parity conservation are equivalent, 
since the product of (— l) 2s for the particles involved in any interaction vertex 
in a theory, which conserves angular momentum, is always equal to +1. At 
the same time particles within the same supermultiplet do not have the same 
i?-parity and there is no any physical principle behind it. Due to the mat- 
ter parity it secretly does commute with SUSY. Nevertheless, the -R-parity 
assignment is very useful for phenomenology because all of the SM particles 
and the Higgs bosons have even .R-parity while all of the squarks, slep- 
tons, gauginos and higgsinos have odd .R-parity. The .R-parity odd particles 
are known as "SUSY particles" or "sparticles". Since in the conventional 
MSSM .R-parity is conserved there can not be any mixing between states 
with Pr = +1 and Pr — — 1. Furthermore, every interaction vertex in the 
MSSM contains an even number of Pr = — 1 states. This has three important 
phenomenological consequences: 

• The lightest supersymmetric particle (LSP) must be absolutely stable 
and can play the role of non-baryonic dark matter. In most supersym- 
metric scenarios the LSP is the lightest neutralino which is a mixture of 
Higgsinos and gauginos. Since the lightest neutralino is a heavy weakly 
interacting particle it explains well the large scale structure of the Uni- 
verse and can provide the correct relic abundance of dark matter if its 
mass is of the order of the EW scale. 

• In collider experiments sparticles can only be created in pairs. 

• Each sparticle must eventually decay into a final state that contains an 
odd number of LSPs (usually just one). Since stable lightest neutralinos 
can not be detected directly their signature would be missing energy 
and transverse momentum in the final state. 

The form of the MSSM superpotential flHHl) can be simplified substantially. 
Since the top quark is the heaviest fermion one can expect that only y^ 3 = h t 
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is important while all other Yukawa couplings are negligibly small and can 
be ignored in the first approximation. Then MSSM superpotential takes the 
form 

Wmssm ^ iiHxH* + h t Qt c H 2 , (91 ) 

where Q = Q3 and t c = u\. The structure of SUSY Lagrangians discussed in 
the previous section implies that the Yukawa coupling h t determines not only 
Higgs-quark-quark interaction but also squark-Higgsino-quark interaction. 
Moreover superpotential (19"T1) also induces quartic interactions in the scalar 
potential 

V F = J2 F i F i = h t\ H iQ\ 2 + h 2 t \H 2 \ 2 \t c \ 2 + + h t Qt c \ 2 . (92) 

i 

As one can see from Eq. (192]) the strength of these interactions is set by h 2 . 
Thus Higgs-quark-quark, squark-Higgsino-quark, (squark) 2 (Higgs) 2 and 
(squark) 4 interactions considered above are required by SUSY to have the 
same strength h t . This illustrates the remarkable economy of supersymme- 
try: there are many interactions determined by only a single parameter. 
The SUSY relationships between the dimensionless couplings provide an ex- 
act cancellation of quadratic divergences within supersymmetric models that 
allows to stabilise the mass hierarchy [31j-[34|. 

The cancellation of quadratic divergences in the MSSM is caused by spar- 
ticles. Indeed, SUSY ensures that for each fermion loop there are diagrams 
with SUSY partners (gauge bosons and/or scalar s) in the loop. Due to the 
SUSY relationships between the dimensionless couplings the contribution 
from boson loops cancels those from the fermion ones. Thus the presence of 
sparticles at low energies play an extremely important role. However SUSY 
predicts that bosons and fermions from one SUSY multiplet have to be degen- 
erate. Because superpartners of quarks and leptons have not been observed 
yet, supersymmetry must be broken, i.e. all sparticles have to be heavy. At 
the same time the supersymmetry breaking couplings should not spoil the 
cancellation of quadratic divergences. Terms fulfilling these requirements are 
called soft SUSY breaking terms. The Lagrangian of SUSY models based on 
the softly broken supersymmetry can be written as 

£ = £susy + C-soft ■ (93) 
The part of the MSSM Lagrangian which is invariant under SUSY trans- 
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formations is given by 



A=SU(3),SU(2),U(1) ^ 



(95) 



where $j is a set of chiral superfields that MSSM contains. 
In general, the set of the soft SUSY breaking terms includes 

- C-soft = Qy~l M A \ A X A + h.c. J + Vsoft , 
Vsoft = ^ m 2 ij<Pl4>j + Y(^aijk4>i4>j4>k + ^bij4>i4>j + U4>i + h.c A , 

i,3 j,j,k ^ 

where 0j are scalar components of chiral superfields $j and X A are gauginos 
of the gauge group associated with index A. The terms in C so f t clearly 
break SUSY because they involve only scalars and gauginos and not their 
respective superpartners. A set of soft SUSY breaking parameters includes 
gaugino masses M A , soft scalar masses m?-, tadpole couplings tj, trilinear and 
bilinear scalar couplings (a^ and bij). The soft terms in C so f t are capable 
of giving masses to all of the scalars and gauginos, even if the gauge bosons 
and fermions in the corresponding supermultiplets are massless or relatively 
light. It is worth to point out that soft SUSY breaking terms do not change 
SUSY relationships between the dimensionless couplings. As a consequence 
softly broken SUSY theory is free of quadratic divergences. 

The inclusion of the soft SUSY breaking terms in the MSSM introduces 
many new parameters that were not present in the SM. A careful count re- 
veals that there are 105 masses, phases and mixing angles in the MSSM 
Lagrangian that cannot be rotated away and that have no counterpart in the 
MSSM. On the other hand most of the new parameters lead to flavor mixing 
and/or CP violating effects which are severely constrained by different ex- 
periments. In order to avoid potentially dangerous processes one can assume 
that all soft SUSY breaking parameters are real, trilinear scalar couplings 
are proportional to the corresponding Yukawa couplings and mfj ~ mfSij. 
Applying this receipt we get 

-£f % SM = Ei^l^+flEA^A^ + E^^.^ 

V x (96) 

+ A^yVQJtH, + A L ah y L ah L a elE x \ + BfiH^ + h.c. , 
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Figure 1: Two-loop RG flow of gauge couplings from M z to GUT scale Mx 
in the MSSM for T s = 250 GeV, a s {M z ) = 0.118, a(M z ) = 1/127.9 and 
sin 2 6w = 0.231. Thick, dashed and solid lines correspond to the running 
of SU(3)c, SU(2)w and U(l)y couplings respectively. The dotted lines rep- 
resent the uncertainty in a>i(Q) caused by the variation of the strong gauge 
coupling from 0.116 to 0.120 at the EW scale. 

where A 3 , A 2 and Ai are gluinos, winos and bino respectively, while Q a , u c a 
d°, L a and e c a are scalar components of the corresponding chiral superfields. 
To avoid fine-tuning the SUSY breaking mass parameters are expected to 
be in the TeV range. 

One of the most appealing features of simplest SUSY extensions of the 
SM is the unification of gauge couplings. More than fifteen years ago it 
was found that the EW and strong gauge couplings extracted from LEP 
data and extrapolated to high energies using the renormalisation group (RG) 
equation evolution do not meet within the SM but converge to a common 
value at some high energy scale Mx after the inclusion of supersymmetry, 
e.g. in the framework of the minimal SUSY standard model [SB] This 
allows one to embed SUSY extensions of the SM into Grand Unified Theories 
(GUTs) 1 10 and superstring ones [11. Simultaneously, the incorporation of 
weak and strong gauge interactions within GUTs permits to explain the 
peculiar assignment of U(l)y charges postulated in the SM and to address 
the observed mass hierarchy of quarks and leptons. 

The evolution of gauge couplings within the MSSM is shown in Fig. 1. 
Recent studies revealed that the exact unification of gauge couplings in the 
minimal SUSY model requires either relatively high effective SUSY threshold 
scale around 1 TeV (which corresponds to fi ~ 6 TeV) or large values of the 
SU(3) C gauge coupling constant a 3 (M z ) = 0.123 - 0.124 [12] @5]. However 
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non-negligible high energy GUT/string threshold corrections and/or higher 
dimension operator effects may facilitate the unification of gauge interactions. 
Due to the lack of direct evidence verifying or falsifying the presence of 
superparticles at low energies, gauge coupling unification remains one of the 
main motivations for low-energy supersymmetry based on experimental data. 

5 Breakdown of gauge symmetry in the sim- 
plest SUSY extensions of the SM 

5.1 EW symmetry breaking in the MSSM 

Including soft SUSY breaking terms and radiative corrections, the resulting 
Higgs effective potential in the MSSM can be written as 

2 

V = mllH^ 2 + m\\E 2 \ 2 - m*(ifi# 2 + h.c.) + ^ (H+a a Hi + H+a a H 2 ) 2 

o 

+ (\ Hl \ 2 - \H 2 \ 2 ) 2 + AV , (97) 

o 

where g' = ^/3/5<7i, g 2 and g\ are the low energy (GUT normalised) SU(2) W 
and U{l)y gauge couplings, m\ = m 2 Hl +fx 2 , m\ = m 2 H2 + /i 2 and m 2 = -£//. 
In Eq. fl97|) AV represents the contribution of loop corrections to the Higgs 
effective potential. 

At the physical minimum of the scalar potential ( l9"7|) the Higgs fields 
develop vacuum expectation values (VEVs) 

breaking the SU{2)w x U(l)y gauge symmetry to U(l) em associated with 
electromagnetism and generating the masses of all bosons and fermions. The 
value of v = \Jv\ + v 2 ~ 246 GeV is fixed by the Fermi scale. At the same 
time the ratio of the Higgs VEVs remains arbitrary. Hence it is convenient 
to introduce tan/3 = v 2 jv\. 

The vacuum configuration (|98|) is not the most general one. Because 
of the SU(2) invariance of the Higgs potential (1971) one can always make 

< H 2 >= by virtue of a suitable gauge rotation. Then the requirement 

< H{ >= 0, which is a necessary condition to preserve U{l) em in the physical 
vacuum, is equivalent to requiring the squared mass of the physical charged 
scalar to be positive. It imposes additional constraints on the parameter 
space. 
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At tree-level AV = and the Higgs potential is described by the sum 
of the first five terms in Eq. (197)) . Notice that the Higgs self-interaction 
couplings in Eq. ( 197)) are fixed and determined by the gauge couplings in 
contrast with the SM. At the tree-level the MSSM Higgs potential contains 
only three independent parameters: mf, 77t|, mf. The stable vacuum of the 
scalar potential ( 197)) exists only if 

m\ + m 2 2 > 2|m 3 | 2 . (99) 

This can be easily understood if one notice that in the limit v\ = v 2 the 
quartic terms in the Higgs potential vanish. In the considered case the scalar 
potential (197)) remains positive definite only if the condition ( 199)) is satisfied. 
Otherwise physical vacuum becomes unstable, i.e. v\ = v\ tends to be much 
larger than the E W scale. On the other hand Higgs doublets acquire non-zero 
VEVs only when 

m\m\ < |m 3 | 4 . (100) 

Indeed, if m\m\ > {m^ 4 then all Higgs fields have positive masses for v\ = 
t>2 = and the breakdown of EW symmetry does not take place. The 
conditions (1991) and (llOOp also follow from the equations for the extrema of 
the Higgs boson potential. At tree-level the minimization conditions in the 
directions (1951) in field space read: 

dV ( 2 , t , 2 2n\ 2 n 

= V 8" ~~ 2 > ) Vl ~ m * V2 = ' 

dV 

dv 2 



( m\ + 9 —{vl - v\) ) v 2 - ml Vl = , (101) 



where g = yg~% + g' 2 - Solution of the minimization conditions (llOip can be 
written in the following form 



2ml q 2 9 2(m? — ml tan 2 3) 

sin 2/3 = , 3 _ , ^—v 2 = 1 \ 2 2 ' } . 102 

ml + ml 4 tan 2 (3-1 



Requiring that v 2 > and | sin 2/3 1 < 1 one can reproduce conditions (199)) 
and flTOO)) . 

From Eqs. (1991) - (ll02p it is easy to see that the appropriate breakdown of 
the EW symmetry can not be always achieved. In particular the breakdown 
of SU(2)w x U(l)y —± U(l) em does not take place when m\ = m\. This 
is exactly what happens in the constrained version of the MSSM (cMSSM) 
which implies that m 2 (M x ) = m 2 , A k ab (M x ) = A, M a (M x ) = M 1/2 . Thus 
in the cMSSM m\[Mx) = Tn 2 (Mx)- Nevertheless the correct pattern of the 
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EW symmetry breaking can be achieved within this SUSY model. Since the 
top-quark Yukawa coupling is large it affects the renormalisation group flow 
of m\{Q) rather strongly resulting in small or even negative values of m\(Q) 
at low energies that triggers the breakdown of the EW symmetry. This is 
the so-called radiative mechanism of the EW symmetry breaking (EWSB) 



The radiative EWSB demonstrates the importance of loop effects in the 
considered process. In addition to the RG flow of all couplings one has to 
take into account loop corrections to the Higgs effective potential which are 
associated with the last term AV in Eq. fl97|) . In the simplest SUSY ex- 
tensions of the SM the dominant contribution to AV comes from the loops 
involving the top-quark and its superpartners because of their large Yukawa 
coupling h t . Since in SUSY theories each fermion state with a specific chi- 
rality has a superpartner t-quark has two scalar superparners (ti and tn) 
associated with the left-handed and right-handed top quark states. Due to 
the EWSB ii and i R get mixed resulting in the formation of two charged 
scalar particles with masses 



~ (m 2 Q + m 2 u + 2m 2 t ± ^(m^ - m^ + 4m t 2 X?) , (103) 



where X t = A t — fi/ tan (3 is a stop mixing parameter, A t is a trilinear scalar 
coupling associated with the top quark Yukawa coupling and m t is the run- 
ning top quark mass 

m t (M t ) = — ^— v sin p . 
v 2 

In the one-loop approximation the contribution of the top-quark and its su- 
perpartners to AV is determined by the masses of the corresponding bosonic 
and fermionic states, i.e. 



AV 



32vr s 



4 h m l 
m ; In — r 



Q' 2 




-2mt 







-1)] 







(104) 



Initially the sector of EWSB involves eight degrees of freedom. However 
three of them are massless Goldstone modes which are swallowed by the W ± 
and Z gauge bosons. The W ± and Z bosons gain masses via the interaction 
with the neutral components of the Higgs doublets so that 

M w = ^v, M z = 9 -v. 
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When CP in the MSSM Higgs sector is conserved the remaining five 
physical degrees of freedom form two charged, one CP-odd and two CP-even 
Higgs states. The masses of the charged and CP-odd Higgs bosons are 



2 2 i 2 , a 

m A = m 1 + m 2 + A^ 



M| ± =m 2 A + M^ + A ± 



(105) 



where A± and A^ are the loop corrections. The CP-even states are mixed 
and form a 2 x 2 mass matrix. It is convenient to introduce a new field space 
basis (h, H) rotated by the angle (3 with respect to the initial one: 



ReH° = {hcos(3 - Hsin(3 + v 1 )/v / 2, 
Re # 2 ° = {hsin (3 + H cos (3 + v 2 )/V2 . 



(106) 



In this new basis the mass matrix of the Higgs scalars takes the form [50 



M 



M 2 X 



Ml 



M 2 2 
M| 2 



/ d*V_ 1 d 2 V \ 

dv 2 v dvd/3 
1 d 2 V 1 d 2 V 



(107) 



\ v dvd/3 v 2 d(3 2 / 



M| 2 = m\ + Mf sin 2 2(3 + A 22 , M 2 X = M§ cos 2 2(3 + A n , (108) 

M 2 2 = Ml = - X -M\ sin 4(3 + A 12 , 

where represent the contributions from loop corrections. In Eqs. fll08|) 
the equations for the extrema of the Higgs boson effective potential are used 
to eliminate m\ and m\. 

From Eqs. f)105p and f)108p one can see that at tree-level the masses and 
couplings of the Higgs bosons in the MSSM can be parametrised in terms 
wia and tan (3 only. The masses of the two CP-even eigenstates obtained by 
diagonalizing the matrix (I1Q7|) ( TT08T) are given by 

m l,h 2 = \ (K + M 2 22 =F V / (M 2 2 -M 2 1 )2 + 4M 1 ^ . (109) 

The qualitative pattern of the Higgs spectrum depends very strongly on the 
mass ttla of the pseudoscalar Higgs boson. With increasing tua the masses 
of all the Higgs particles grow. At very large values of {m 2 A 3> v 2 ), 
the lightest Higgs boson mass approaches its theoretical upper limit \J M\ x . 
Thus the top-left entry of the CP-even mass matrix fll07l) - fll08p represents 
an upper bound on the lightest Higgs boson mass-squared. At the tree- 
level the lightest Higgs boson mass is always less than the Z-boson mass: 
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m h x ^Kl cos2 2/9 [SI] — |52j . In the leading two-loop approximation the mass 
of the lightest Higgs boson in the MSSM does not exceed 130 — 135 GeV. This 
is one of the most important predictions of the minimal SUSY model that 
can be tested at the LHC in the near future. 

It is important to study the spectrum of the Higgs bosons together with 
their couplings to the gauge bosons because LEP sets stringent limits on the 
masses and couplings of the Higgs states. In the rotated field basis (h, H) 
the trilinear part of the Lagrangian, which determines the interactions of the 
neutral Higgs states with the Z-boson, is simplified: 



J AZH — TjMzZ^Zi^h + ^Z^ 



H(d,A) - (d,H)A 



(110) 



In this basis the SM-like CP-even component h couples to a pair of Z bosons, 
while the other one H interacts with the pseudoscalar A and Z. The coupling 
of h to the Z pair is exactly the same as in the SM. The couplings of the Higgs 
mass eigenstates to a Z pair (gzzhi, i = 1,2) and to the Higgs pseudoscalar 
and Z boson (gzAhJ appear because of the mixing between h and H. 

Following the traditional notations, one can define the normalised R 
couplings as: g VVh . = Ryvh, x SM coupling (V = Z, H /± ); g ZAhi = \R Z Ah v 
The absolute values of all these i?-couplings vary from zero to unity. The 
relative couplings Rzzhi and RzAhi are given in terms of the angles a and (3: 

Rvvh! = -RzAh 2 = sin(/3 - a) , Rvvh 2 = RzAhi = cos (/3 - a) , (111) 
where the angle a is defined as follows: 



hx = -(y/2ReHf - vi) sina + (y/2ReH$ - v 2 ) cosa . 

— v\) cos a + (v^Reifg — 1*2) sin a . 



(112) 



From Eqs. f illip it becomes clear that in the MSSM the couplings of the 
lightest Higgs boson to the Z pair can be substantially smaller than in the 
SM. Therefore the experimental lower bound on the lightest Higgs mass in 
the MSSM is weaker than in the SM. On the other hand, when m 2 A ^> v 2 
the lightest CP-even Higgs state is predominantly the SM-like superposition 
of the neutral components of Higgs doublets h so that Rzzk x — 1- In this 
case the lightest Higgs scalar has to satisfy LEP constraint on the mass of 
the SM-like Higgs boson, i.e. it should be heavier than 114.4 GeV. 

Recent studies indicate that in the MSSM the scenarios with the light 
Higgs pseudoscalar {m A ~ 100 GeV) are almost ruled out by LEP. Since 
rriA tend to be large the SM-like Higgs boson must be relatively heavy. At 
the same time, as it has been already mentioned, the tree-level mass of 
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Figure 2: Left: The dependence of the one-loop lightest Higgs boson mass on 
Ms for tan {3 = 2. Right: The one-loop mass of the lightest CP-even Higgs 
state versus Ms for tan (3 = 3. The solid and dashed-dotted lines correspond 
to X t = 2 Ms and X t = Ms respectively. The horizontal line represents the 
current LEP limit. 



the lightest Higgs boson in the MSSM does not exceed M z — 91 GeV. As 
a consequence in order to satisfy LEP constraints large contribution of loop 
corrections to the mass of the lightest CP-even Higgs state is required. When 
SUSY breaking scale Ms is considerably larger than Mz and tuq ~ mfj ~ Mj 
the contribution of the one-loop corrections to m\ in the leading approxi- 
mation can be written as 

An -2ttV [m*\ L l2Ml) +i \ml)\- [LL6) 

The large values of ~ M| can be obtained only if Ms 3> m t and 
the ratio \X t /Ms\ is also large. The contribution of the one-loop corrections 
(11131) attains its maximal value for X? = 6 M§. This is the so-called maximal 
mixing scenario. In Figs. 2a and 2b the dependence of the one-loop lightest 
Higgs boson mass on the SUSY breaking scale Ms for tan (3 = 2 and tan (3 = 3 
is examined. Two different cases X t = Ms and X t = 2 Ms are considered. 
From Figs. 2a and 2b one can see that in order to satisfy LEP constraints Ms 
should be larger than 400 — 600 GeV. Leading two-loop corrections reduce 
the SM-like Higgs mass even further. As a result larger values of the SUSY 
breaking scale are required to overcome LEP limit. 

Large values of the soft scalar masses of the superpartners of the top 
quark (rriQ, 3> Mf ) tend to induce large and negative value of m^ 2 in 
the Higgs potential due to the RG flow. This leads to the fine tuning because 
ml and m\ determine the EW scale (see Eqs. (11021) ). Generically the fine 
tuning which is required to overcome LEP constraints in the MSSM is of the 
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order of 1% (little hierarchy problem). This fine tuning should be compared 
with the fine tuning in other theories which are used in particle physics. In 
particular, it is well known that QCD is a highly fine-tuned theory. Indeed, 
QCD Lagrangian should contain "#-term" 

C e = 6 cS -^F^ a F« e cS = 6 + arg det M q , (114) 

where F^ va is the gluon field strength and F£ u = \e ilvpa F paa is its dual. 
This term is not forbidden by the gauge invariance. On the other hand the 
parameter 9 must be extremely small, i.e. |# c ff| ^ 10~ 9 (strong CP problem). 
Otherwise it results in too large value of the neutron electric dipole moment. 
Eqs. (I114p demonstrate that so small value of e g implies enormous fine 
tuning which is much higher than in the MSSM. 

The little hierarchy problem can be solved within SUSY models that allow 
to get relatively large mass of the SM-like Higgs boson (m^ > 100—110 GeV) 
at the tree-level. Alternatively, one can try to avoid stringent LEP constraints 
by allowing exotic decays of the lightest Higgs particle. If usual branching 
ratios of the lightest Higgs state are dramatically reduced then the lower LEP 
bound on the SM-like Higgs mass may become inapplicable. In this case the 
lightest Higgs boson can be still relatively light so that large contribution of 
loop corrections is not required. Both possibilities mentioned above imply 
the presence of new particles and interactions. These new particles and 
interactions can be also used to solve the so-called fi problem. This problem 
arises when MSSM gets incorporated into supergravity and/or GUT models. 
Within these models the parameter /i is expected to be either zero or of the 
order of Planck/GUT scale. At the same time in order to provide the correct 
pattern of the EWSB /i is required to be of the order of the EW scale. 

5.2 Higgs sector of the NMSSM 

In the simplest extension of the MSSM, the Next-to-Minimal Supersymmet- 
ric Standard Model (NMSSM), the superpotential is invariant with respect to 
the discrete transformations <£>j — > e 27 ™/ 3 ^ of the Z 3 group (for recent review 
see [22]). The term n(HiH 2 ) does not meet this requirement. Therefore it is 
replaced in the superpotential by 

W h = \S{H 1 H 2 ) + \kS\ (115) 

where S is an additional superfield which is a singlet with respect to SU{2) W 
and U(l)y gauge transformations. A spontaneous breakdown of the EW 
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symmetry leads to the emergence of the VEV of extra singlet field < S >= 
sj\f2 and an effective ll parameter is generated (/i = Xs/y/2). 

The potential energy of the Higgs field interaction can be written as a 
sum 

V = V F + V D + V soft + AV , (116) 
V F = A a |S , | 2 (| J ff a | 2 + \H 2 \ 2 ) + X 2 \(H 1 H 2 )\ 2 

+Xk [S* 2 (HtH 2 ) + h.c] + k 2 \S\ a , (117) 

Vb = I (Hta a H x + H+a a H 2 ) 2 + 9 -^{\H l \ 2 - \H 2 \ 2 f , (118) 

o o 

Vsoft = m?|#i| 2 + m 2 2 \H 2 \ 2 + m 2 s \S\ 2 



+ 



'\A x S(H 1 H 2 ) + ^A K S 3 + h.c . (119) 



At the tree level the Higgs potential f)116p is described by the sum of the first 
three terms. Vp and Vp are the F and D terms. Their structure is fixed by the 
superpotential (I115p and the EW gauge interactions in the common manner. 
The soft SUSY breaking terms are collected in V so ft- The set of soft SUSY 
breaking parameters involves soft masses m\ , m|, m 2 s and trilinear couplings 
A K , A\. The last term in Eq. (11161) . AV, corresponds to the contribution of 
loop corrections. In the leading one-loop approximation AV in the NMSSM 
is given by Eqs. fll03p - fll04l) in which jx has to be replaced by Xs/y/2. Further 
we assume that A, k and all soft SUSY breaking parameters are real so that 
CP is conserved. 

At the physical vacuum of the Higgs potential 

<fll> =^(o)- <"*>=^U)' <S> ^7T (120) 

The equations for the extrema of the full Higgs boson effective potential in 
the directions f 1 1 2 j) in the field space are given by 

dV ( 2 X 2 2 2 \ XA\ 

— = ym s + _ ( Vl + v 2 ) - XkvxV 2 Is- ~^ v ^ 

kA k 9 9 o <9AV „ ,+ „+s 
+ ^s 2 + /«V + — - =0, 121 
V2 os 

^ = (ml + y («l + * 2 ) + y(% 2 - «f)) «i 

Ak 2 AA a \ . <9AV 



t* + 7rr + " °- (122) 
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dV ( a , X\ 2 , 2N , g 2 



2 i_ A..2 i „2\ i » /„,2 „.2 

r> 2 V 2 2 



\k 2 \A X \ . dAV 



As in the MSSM upon the breakdown of the EW symmetry three goldstone 
modes (G^ and G°) emerge, and are absorbed by the W ± and Z bosons. 
In the field space basis rotated by an angle (3 with respect to the initial 
direction, i.e. 



Im H\ = (P sin + G° cos 0)/V2 , H+ = H + cos - G + sin /3 , 

ImH° = (Pcos/3-G°sin/3)/V2, iff = G~ cos /3 + ff" sin /3 , 

ReH° = (hcos/3 - H sin/3 + Vl )/y/2, ImS = P 5 / v / 2, 

Re# 2 ° = (/isin/3 + #cos/3 + <i; 2 )/\ / 2, Re S = (s + N)/y/2 , (124) 



these unphysical degrees of freedom decouple and the mass terms in the Higgs 
boson potential can be written as follows 

V mass = M 2 H± H + H- + i(P P 5 ) M 2 ( ^ J + /i iV) M 2 

'(125) 

From the conditions for the extrema fll2ip - fll23l) one can express m|, 
m 2 , m 2 via other fundamental parameters, tan/3 and s. Substituting the 
obtained relations for the soft masses in the 2x2 CP-odd mass matrix Mf- 



we get: 



M 2 22 = ^fx + sin 2/3 - 3jA K fi + A 22 , (126) 

M 2 2 = M 2 , = V2\vfi (—^— - 2y ) + A 12 , 

\sm2p XJ 

where x = — ( A\ + 2— fi) sin 2/3, jj, = —= and are contributions of the 
2/i \ A / y2 

loop corrections to the mass matrix elements. The mass matrix (I126p can be 
easily diagonalized. The corresponding eigenvalues are given by 



i i 



m A 2 ,Ai 



~ (m 2 u + M 2 2 ± ^{Ml-M^ + AMf^j . (127) 
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Because the charged components of the Higgs doublets are not mixed with 
the neutral Higgs states the charged Higgs fields H ± are already physical mass 
eigenstates with 

' n= = '"a ~ — f~ ■ M w A : . (128) 



Ml 



Here A± includes loop corrections to the charged Higgs mass. 

In the rotated basis H ,h ,N the mass matrix of the CP-even Higgs sector 
takes the form 1501,15] 



/ Ml, 



M 



Ml 2 



M 2 



13 



Ml M| 2 M| 3 



\ Ml M? 
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Ml J 




Ml 


= ml 


M 2 22 


= M 2 Z 








= 4^ 


Ml 


X 2 


Ml 


= Ml 


Ml 


= Ml 


Ml 


= Ml 



9_ 

4 



K 



A 2 

a! 

2 



\ v dsd(3 



v 2 sin 2 2/3 + A n , 

v 2 sin 2 2/3 + A 22 , 

X 2 v 2 k\ 9 n 
- —x - —v 2 sm2(3 + A 33 



A" 2 a 



12 , 



y/2Xvfxx cos 2/3 
sin 2/3 + 
\/2Au/i(l -x) + A 23 



13 ) 



(129) 



(130) 



where Ay can be calculated by differentiating A^/. 

At least one Higgs state in the CP-even sector is always light. Since the 
minimal eigenvalue of a Hermitian matrix does not exceed its smallest diag- 
onal element the lightest CP-even Higgs boson squared mass m\ remains 
smaller than M| 2 ~ Mf even when the supersymmetry breaking scale is 
much larger than the EW sea lfi At the tree-level the upper bound on the 
lightest Higgs mass in the NMSSM was found in [5B]-[S7]. It differs from 
the theoretical bound in the MSSM only for moderate values of tan /3. In 
the leading two-loop approximation the lightest Higgs boson mass in the 
NMSSM does not exceed 135 GeV. As follows from the explicit form of the 
mass matrices (I126p and (11301) at the tree-level, the spectrum of the Higgs 



2 The same theorem may lead to the upper bound on the mass of the lightest neutralino 
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bosons and their couplings depend on the six parameters: A, k, /x, tan /3, A K 
and rrtA (or x). 

First let us consider the MSSM limit of the NMSSM. Because the strength 
of the interaction of the extra SM singlet superfield S with H\ and Hi is de- 
termined by the size of the coupling A in the superpotential (11151) the MSSM 
expressions for the Higgs masses and couplings are reproduced when A tends 
to be zero. On the other hand the equations (I122j) - (jl23p imply that s should 
grow with decreasing A as Mz / A to ensure the correct breakdown of the EW 
symmetry. In the limit A — > all terms, which are proportional to Xv j, in 
the minimization conditions (I12ip can be neglected and the corresponding 
equation takes the form: 

s (m 2 s + ^=-s + K 2 s 2 ^j ~ (131) 

The Eq. (I13ip has always at least one solution sq = 0. In addition two 
non-trivial roots arise if A\ > 8m|. They are given by 

—A K ± JAl - 8ml , s 

s " K — ~ ■ (132) 

When m 2 s > the root s = corresponds to the local minimum of the 
Higgs potential HI 1 6 [) — f 1 1 1 9 j) that does not lead to the acceptable solution of 
the /^-problem. The second non-trivial vacuum, that appears if A 2 . > 8m|, 
remains unstable for A 2 . < 9m|. Larger absolute values of A K (A 2 . > 9m|) 
stabilizes the second minimum which is attained at s = si^s?) for negative 
(positive) A K . From Eq. (I132p it becomes clear that the increasing of s can 
be achieved either by decreasing k or by raising m 2 s and A K . Since there is 
no natural reason why m| and A K should be very large while all other soft 
SUSY breaking terms are left in the TeV range, the values of A and k are 
obliged to go to zero simultaneously so that their ratio remains unchanged. 

Since in the MSSM limit of the NMSSM mixing between singlet states 
and neutral components of the Higgs doublets is small the mass matrices 
( I126P and ( I129p - (ll30p can be diagonalised using the perturbation theory 
[50] , [54J , [58J— [60] . At the tree-level the masses of two Higgs pseudoscalars 
are given by 



sin^ 2/3 



\ - m A = ^tioa { X ~J\ sin 2/3 ) ' m ^ ~ -3^A K /x . (133) 



The masses of two CP-even Higgs bosons are the same as in the MSSM 
(see Eq. (I109P ) while the mass of the extra CP-even Higgs state, which is 
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predominantly a SM singlet field, is set by j-ji 



A' 

2 „ \2„,2 o\2„,2,,2/i „\2 



. /c" o « . A 2 t> 2 . 9nn 2X 2 v 2 a 2 (l - x, , , 

< * 4 T> " + A A "K + — X S1 " 2/3 ~ Aff cos 2 20 • < 134) 

The parameter A K occurs in the masses of extra scalar and pseudoscalar 
rriA 1 with opposite sign and is therefore responsible for their splitting. To 
ensure that the physical vacuum is a global minimum of the Higgs potential 
(I116p - (lll9p and the masses-squared of all Higgs states are positive in this 
vacuum the parameter A K must satisfy the following constraints 

-3(^) 2 <A K (^/i) <0. (135) 

The experimental constraints on the SUSY parameters obtained in the MSSM 
remain valid in the NMSSM with small A and k. For example, non-observation 
of any neutral Higgs particle and chargino at the LEP II imply that tan /3 > 
2.5 and > 90 - 100 GeV. 

Decreasing k reduces the masses of extra scalar and pseudoscalar states 
so that for k < A they can be the lightest particles in the Higgs boson 
spectrum. In the limit k — > the mass of the lightest pseudoscalar state 
vanishes. In the considered limit the Lagrangian of the NMSSM is invariant 
under transformations of SU(2) x [?7(1)] 2 global symmetry. Extra U(l) global 
symmetry gets spontaneously broken by the VEV of the singlet field S, giving 
rise to a massless Goldstone boson, the Peccei-Quinn (PQ) axion. In the 
PQ-symmetric NMSSM astrophysical observations exclude any choice of the 
parameters unless one allows s to be enormously large (> 10 9 — 10 11 GeV). 
These huge vacuum expectation values of the singlet field can be consistent 
with the EWSB only if A ~ 10~ 6 — 10 -9 [61] [62] . Therefore here we restrict 
our consideration to small but non-zero values of k < A 2 when the PQ- 
symmetry is only slightly broken. 

As evident from Eq. (11341) at small values of k the mass-squared of the 
lightest Higgs scalar tends to be negative if \fi\ is large and/or the auxiliary 
variable x differs too much from unity. Due to the vacuum stability require- 
ment, which implies the positivity of the mass-squared of all Higgs particles, 
x has to be localized near unity, i.e. 



V2kM z 



X 2 v 



< x < 1 



V2kM z 



X 2 v 



(136) 



This leads to the hierarchical structure of the Higgs spectrum. Indeed, com- 
bining LEP limits on tan/3 and \i one gets that m 2 A > 9M|x. Because of 



40 



600 




500 



400 



300 



200 



100 



200 



300 400 500 600 700 



rru(GeV) 



Figure 3: One-loop masses of the CP-even Higgs bosons versus uia for 
A = 0.6, k = 0.36, tan fi = 3, fi = 150 GeV, A K = 135 GeV, m 2 Q = ml = Mj, 
X t = \/6Ms and Ms = 700 GeV. Solid, dashed and dashed-dotted lines 
correspond to the masses of the CP-even, CP-odd and charged Higgs bosons 
respectively. 

this the heaviest CP-odd, CP-even and charged Higgs bosons are almost 
degenerate with masses around rriA — ^ tan (3 while the SM-like Higgs state 
has a mass of the order of Mz- 

The main features of the NMSSM Higgs spectrum discussed above are 
retained when the couplings A and k increase. For the appreciable values of 
k and A the slight breaking of the PQ-symmetry can be caused by the RG 
flow of these couplings from the GUT scale Mx to Mz ■ In the infrared region 
the solutions of the NMSSM RG equations are focused near the intersection 
of the Hill-type effective surface and invariant line [53]— [65]. As a result at the 
EW scale k/X tend to be less than unity even when k(Mx) > X(Mx) initially. 
In Fig. 3 the dependence of the masses of the Higgs bosons on tua is examined. 
As a representative example we fix the Yukawa couplings so that X(Mx) = 
k(M x ) = 2h t (M x ) = 1.6, that corresponds to tan/3 > 3, X(M t ) = 0.6 and 
n(M t ) = 0.36. In order to obtain a realistic spectrum, we include the leading 
one-loop corrections from the top and stop loops. From Fig. 3 it becomes 
clear that the requirement of stability of the physical vacuum limits the range 
of variations of vha from below and above maintaining the mass hierarchy 
in the Higgs spectrum. Relying on this mass hierarchy the approximate 
solutions for the Higgs masses and couplings can be obtained [55], [50]. The 
numerical results in Fig. 3 reveal that the masses of the heaviest CP-even, 
CP-odd and charged Higgs states are approximately degenerate while the 
other three neutral states are considerably lighter. The hierarchical structure 
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of the Higgs spectrum ensures that the heaviest CP-even and CP-odd Higgs 
bosons are predominantly composed of H and P. As before the lightest Higgs 
scalar and pseudoscalar are singlet dominated, making their observation quite 
problematic. The second lightest CP-even Higgs boson has a mass around 
130 GeV, mimicking the lightest Higgs scalar in the MSSM. Observing two 
light scalars and one pseudoscalar Higgs particles but no charged Higgs boson 
at future colliders would yield an opportunity to differentiate the NMSSM 
with a slightly broken PQ-symmetry from the MSSM even if the heavy Higgs 
states are inaccessible. 

The presence of light singlet scalar and pseudoscalar permits to weaken 
the LEP lower bound on the lightest Higgs boson mass. These states have 
reduced couplings to Z-boson that could allow them to escape the detection 
at LEP. On the other hand singlet scalar can mix with the SM-like superposi- 
tion h of the neutral components of Higgs doublets resulting in the reduction 
of the couplings of the second lightest Higgs scalar to Z-boson. This re- 
laxes LEP constraints so that the SM-like Higgs state does not need to be 
considerably heavier than 100 GeV. Therefore large contribution of loop cor- 
rections to the mass of the SM-like Higgs boson is not required. Another 
possibility to overcome the little hierarchy problem is to allow the SM-like 
Higgs state to decay predominantly into two light singlet pseudoscalars A\ 
(for recent review see [66J). This can be achieved because the coupling of 
the SM-like Higgs boson to the 6-quark is rather small. If this coupling 
is substantially smaller than the coupling of the SM-like Higgs state to A\ 
then the decay mode h — > Ai + A\ dominates. The singlet pseudoscalar can 
sequentially decay into either bb or rf leading to four fermion decays of the 
SM-like Higgs boson. In this case, again, the corresponding Higgs eigenstate 
might be relatively light that permits to avoid little hierarchy problem. 

However even when the couplings of the lightest CP-even Higgs state 
are almost the same as in the SM it is substantially easier to overcome LEP 
constraint on the mass of the SM-like Higgs boson in the NMSSM than in the 
MSSM. Indeed, in the NMSSM the theoretical upper bound on m^, which 

is given by M| 2 in Eq. (11301) . contains an extra term ^-v 2 sin 2 2/3 which is not 
present in the MSSM. Due to this term the maximum possible value of the 
mass of the lightest Higgs scalar in the NMSSM can be considerably larger 
as compared with the MSSM at moderate values of tan/3. In our analysis 
we require the validity of perturbation theory up to the scale Mx- This 
sets stringent upper limit on X(M t ) at low energies for each particular choice 
of tan/3. Using theoretical restrictions on X(M t ) one can compute the the 
maximum possible value of m 2 for each given value of tan/3. Fig. 4 shows 
the dependence of the upper bound on the lightest Higgs boson mass as a 
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Figure 4: Left: Tree-level upper bound on the lightest Higgs boson mass 
in the MSSM and NMSSM as a function of tan /3. Right: The dependence 
of the two-loop upper bound on the lightest Higgs boson mass on tan /3 for 
m t (M t ) = 165 GeV, m 2 Q = ml = Mf, X t = ^M s and M s = 700 GeV. 
The solid and dotted lines represent the theoretical restrictions on in 
the MSSM and NMSSM respectively. 



function of tan (3 in the MSSM and NMSSM. From Fig. 4 one can see that 
at the tree-level the lightest CP-even Higgs state in the NMSSM can be 
considerably heavier than in the MSSM at moderate values of tan/3. As a 
consequence in the leading two-loop approximation it is substantially easier 
to get m hl > 114.4 GeV in the NMSSM than in the MSSM for tan (3 = 2 - 4. 

5.3 Higgs spectrum in the Eq inspired SUSY models 
with extra U{1)' factor 

Another solution to the /i problem arises within superstring inspired models 
based on the E$ gauge group. At high energies E% can be broken SU(3)c X 
SU{2) W x U{1)y x U(l) f . An extra U{1)' that appears at low energies is a 
linear superposition of U{l) x and U(l)^: 

U(l)' = U(l) x cos 6 + U(l)^wn9, (137) 

where two anomaly-free U(l)^ and U(l) x symmetries are defined by: E e — > 
50(10) x 17(1)^ , 50(10) -> SU(5) x U(l) x . If 9 ^ or vr the extra 
U{1)' gauge symmetry forbids an elementary /i term but allows interaction 
XS(HiH 2 ) in the superpotential. After EWSB the scalar component of the 
SM singlet superfield S acquires a non-zero VEV breaking U(l)' and an 
effective /x term of the required size is automatically generated. 

The Higgs sector of the considered models includes two Higgs doublets as 
well as a SM-like singlet field S that carries U(l)' charge. The Higgs effective 
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potential can be written as 



V = V F + V D + V soft + AV, 
V F = X 2 \S\ 2 (\H d \ 2 + \H u \ 2 ) + X 2 \(H d H u )\ 2 , 

Vn = §(Hla a H d + Hia a H u )\ 9 ^(\H d \ 2 -\H u \ 2 ) 2 

'2 2 

+^(Qi\H d \ 2 + Q 2 \H u \ 2 + Qs\S\ 2 ) , 
V soft = m 2 s \S\ 2 + m\\H d \ 2 + m 2 2 \H u \ 2 + XA x S(H u H d ) + h.c. , 

where g[ is U(l)' gauge coupling and Qi, Q 2 and Qs are effective £7(1)' 
charges of Hi, H 2 and S respectively. In Eq. f 1 1 3 8 j) Vf and Vd are the F 
and Z) terms, V so ft contains a set of soft SUSY breaking terms while AV 
represents the contribution of loop corrections. 

At the physical vacuum the Higgs fields acquire VEVs given by Eq. 



thus breaking the SU(2)w x U(l)y x U(l)' symmetry to U(l) em . As a result 
two CP-odd and two charged Goldstone modes in the Higgs sector are ab- 
sorbed by the Z, Z' and W ± gauge bosons so that only six physical degrees 
of freedom are left. They form one CP-odd, three CP-even and two charged 
states. The masses of the CP-odd and charged Higgs bosons can be written 
as 

2\ 2 s 2 x 

m 2 A = -^- + 0(M 2 z ), m 2 H± =m 2 A + 0(M 2 z ), (139) 

sin 2p 

where x = sin 2/3. The masses of two heaviest CP-even states are set 
by Mz> and raji, i.e. 



m 



2 



m 2 A + 0(M 2 z ), m 2 h2 = M 2 zl +0(M 2 z ), (140) 



where M Z i ~ g[Qs s - The lightest CP-even Higgs boson has a mass which is 
less than 

\2 / \2 

m 2 hi <—v 2 sm 2 2l3 + M 2 z cos 2 2/3 + g[ 2 v 2 iQicos 2 (3 + Q 2 sm 2 /3j +A. (141) 

In Eq. f)14ip A represents the contribution of loop corrections. Since the mass 
of the Z' boson in the Eq inspired models has to be heavier than 800—900 GeV 
at least one CP-even Higgs state, which is singlet dominated, is always heavy. 
If m A < M z > then we get MSSM-type Higgs spectrum. When m A > Mz> the 
heaviest CP-even, CP-odd and charged states are almost degenerate with 
masses around rriA- In this case the lightest Higgs state is predominantly the 
SM-like superposition h of the neutral components of Higgs doublets. 
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Recently the detailed analysis of the Higgs sector was performed within 
a particular E G inspired SUSY model with an extra U(1)n gauge symme- 
try that corresponds to 9 = arctanVl~5 [67j-[68j. The extra U(1)n gauge 
symmetry is defined such that right-handed neutrinos do not participate in 
the gauge interactions. Only in this Exceptional Supersymmetric Standard 
Model (E 6 SSM) right-handed may be superheavy, shedding light on the ori- 
gin of the mass hierarchy in the lepton sector and providing a mechanism 
for the generation of the baryon asymmetry in the Universe via leptogenesis 
[69] . To ensure anomaly cancellation the particle content of the EgSSM is 
extended to include three complete fundamental 27 representations of Eq. 
In addition to the complete 27j multiplets the low energy particle spectrum 
of the E 6 SSM is supplemented by SU(2) W doublet H' and anti-doublet H 
states from extra 27' and 27' to preserve gauge coupling unification. The 
unification of gauge couplings in the considered model can be achieved for 
any phenomenologically acceptable value of a 3 (M^) consistent with the mea- 
sured low energy central value [70]. The Higgs spectrum within the E 6 SSM 
was studied in [S7J-[EB], [7T] [72]. It was argued that even at the tree level the 
lightest Higgs boson mass in this model can be larger than 120 GeV. There- 
fore nonobservation of the Higgs boson at LEP does not cause any trouble 
for the EgSSM, even at tree-level. In the leading two-loop approximation 
the mass of the lightest CP-even Higgs boson in the considered model does 
not exceed 150 — 155 GeV [67J. The presence of light exotic particles in the 
E 6 SSM spectrum lead to the nonstandard decays of the SM-like Higgs boson 
which were discussed in [73] . 
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